In this paper, we shall give new examples on meromorphic functions that share one value with their first derivative and also give the solution for Riccati differential equation.
This result is due to Frank and Ohlenroth [3] for the case that the shared values are nonzero and Frank and Weissenborn [4] for the general case. In addition, Li [7] gave an example which shows that condition f and f have two shared CM is essential.
In [5] , Gundersen gave the following example. We make an example which shows that the answer of this question is negative.
Example 1.5 Let f (z) =
(1 − ce
if we let w = 1 − ce
where A and c = 0 are constants. From (1.1), it is easy to see that f and f share 1 CM, but f − 1 = c( f − 1), for any nonzero constant c. Indeed,
Also, from (1.1), we see that
This implies f − 1 and f − f share 0 CM. Further, it follows from (1.
The purpose of this paper is to prove the following theorems: 
Theorem 1.7 Let f be a non-constant meromorphic function satisfying Riccati differential equation
where a 0 , a 1 and a 2 ≡ 0 are small functions of f . If f − 1 and f − f share the value 0 CM, then f and f share the value 1 CM and f satisfies the identity (1.1) when n = 1, i.e.,
where A and c = 0 are constants. 
where A is constant.
where b, c and are nonzero constants and b 2 = −1. (2) The formula (1.5) may be put in the form 
where A and c = 0 are constants.
Lemmas
For the proof of our theorems, we need the following lemmas.
Lemma 2.1 [9] Let f be a meromorphic function such that f
where N 0 (r, 1 f (k+1) ) denotes the counting function of the zeros of f (k+1) that are not zeros of f (k) ,where these zeros are counted according to their multiplicity.
Lemma 2.2 [2] Let k be a positive integer, and let f be a meromorphic function such that f
for some nonzero constant c, or
where λ is a constant.
The following lemma essentially belongs to [1] . For completeness, we give its proof here. Proof If f (k) is a constant, then f is a polynomial of degree at most k and so 
Lemma 2.3 [1] Let k be a positive integer, and let f be a non-constant meromorphic function. Then either (2.2) holds, or
Differentiating (2.4), we obtain
Combining this with (2.4) yields
Integrating this once and then using (2.4), we have
By integrating (2.5) k times we arrive at (2.3).
The Proof of Theorems

Proof of Theorem 1.6
Since f − 1 and f − f share 0 CM, there is an entire function β such that
Suppose that z ∞ is a pole of f with the multiplicity n ≥ 1. Then the Laurent expansion of f about z ∞ is
From (3.2) and (3.3), we find that
It follows from (3.1), (3.3) and (3.4) that
Differentiating (3.5) we obtain
and eliminating e β between (3.5) and (3.6) gives
We distinguish the following two cases.
Case 1. β ≡ 1 n for some positive integer n. Then from this and (3.1) we have
where c is a nonzero constant. Writing (3.8) as
From this, it is easy to see that
By integration, we get
This is (1.1). From this, it is easy to see that f and f share 1 CM.
From (3.1), we find that
Therefore, this and (3.10) give thatN =n (r, f ) = S(r, f ) for all positive integer n which contradicts our assumption. 
Proof of Theorem 1.7 From Riccati differential equation, it is easy to conclude that N (2 (r, f ) + m(r, f ) = S(r, f ). This implies
If a 0 ≡ 0, then from the last equation we obtain T (r, e −z ) = S(r, e −z ) which is impossible. Therefore, we have a 0 ≡ 0. Similarly, we can conclude that 
Proof of Theorem 1.8
If f does not satisfy the identity (1.1), then by Theorem 1.6 we find thatN =n (r, f ) = S(r, f ) for all positive integer n. ThusN
for any positive real number . We rewrite (3.1) in the form
If z 0 is a zero of f − 1 with multiplicity p, then the Taylor expansion of f − 1 about z 0 is
Since f − 1 and f − f share 0 CM,
and eliminating f (z) between this and (3.13) we obtain
Differentiating (3.14) we get
Together with (3.13) we have p = 1. It follows from this, (3.13) and (3.14) that z 0 is a simple zero of f − 1 and f − 1. If z 1 is a zero of f − 1 with multiplicity q, then
Differentiating this we get
we see that q = 1. Therefore, we find that f − 1 and f − 1 share 0 CM. From this and (3.12), it is easy to conclude that
.
From this and the second fundamental theorem for e β , we have
Together with (3.11) we find that (1.3) holds.
3.4 Proof of Theorem 1.9
Suppose z 2 be a zero of f − 1 and a j (z 2 ) = 0, ∞( j = 0, 1, 2). Since f and f share the value 1 IM, we know that z 2 is a simple zero of f − 1. From this and Riccati differential equation, we deduce that
From Riccati differential equation, it is easy to conclude that
Combining (3.16), (3.17) and Lemma 2.1, we obtain
Consequently,
Applying Lemma 2.3 to k = 1 and λ = 1 we get either 
Together with (3.18), we find that
This and (3.16) yield that T (r, f ) = S(r, f ) a contradiction. Thus (3.19) does not hold. By (3.20) we find that
and
So f and f can not share 1 IM which contradicts the condition of Theorem 1.9. Therefore, we have a 0 + a 1 + a 2 ≡ 1. Substituting this into Riccati differential equation gives
) = 0, then we obtain the conclusion (1.4) or (1.5) respectively. Otherwise, we conclude that N (r,
has a zero of multiplicity p at z 0 , say, then ) has a zero of multiplicity min{ p − 1, p + 1 − s} at z 0 , where s denotes the possible multiplicity of the pole of a 2 at z 0 . In the remaining case a 2 must have a pole of multiplicity p at z 0 . Therefore N r, 
= S(r, f ).
Together with (3.22) we deduce that T (r, f ) = S(r, f ), a contradiction. Hence we obtain that 1 + ( a 1 a 2 ) ≡ 0. By integration, we get a 1 a 2 = −z + A. From this and (3.21), we arrive at the conclusion (1.5).
